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18 de Marzo 2016 - IMAL Santa Fe
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Calderón-Zygmund operators

The model example is the Hilbert transform:

Hf (x) =
1

π
lim
ε→0

∫
|x−y |>ε

1

x − y
f (y)dy .

It’s bounded on Lp

‖Hf ‖Lp(R) ≤ C‖f ‖Lp(R)

and of weak type (1, 1)

|{x ∈ R : |Hf (x)| > t}| ≤ C

t

∫
R
|f (x)|dx .

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Definition

A Calderón-Zygmund operator T (CZO) is an operator bounded on L2(Rn) that
admits the following representation

Tf (x) =

∫
K (x , y)f (y)dy

with f ∈ C∞c (Rn) and x 6∈ supp f and where K : Rn × Rn \ {(x , x) : x ∈ Rn} −→ R
has the following properties

Size condition: |K (x , y)| ≤ C2
1

|x−y |n x 6= 0.

Smoothness condition (Hölder-Lipschitz):

|K (x , y)− K (x , z)| ≤ C1
|y−z|δ
|x−y |n+δ

1
2 |x − y | > |y − z |

|K (x , y)− K (z , y)| ≤ C1
|x−z|δ
|x−y |n+δ

1
2 |x − y | > |x − z |

where C1 > 0 and C2 > 0 are constants independent of x , y , z .

The same boundedness results for Hilbert transform also hold for CZO.
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BMO and commutators

Definition

We say a locally integrable function b has bounded mean oscillation, b ∈ BMO if

sup
Q

1

|Q|

∫
Q
|b(x)− bQ |dx <∞ where bQ =

1

|Q|

∫
Q
b(x)dx

Theorem (John-Nirenberg)

There exist two positive constants λ > 0 and C > 0 such that for any b ∈ BMO,

supQ
1
|Q|
∫
Q exp

(
λ

‖b‖BMO
|b(x)− bQ |

)
dx ≤ C

Definition

Let T a CZO, b ∈ BMO. We define the commutator [b,T ] as

[b,T ]f (x) = b(x)Tf (x)− T (bf )(x).

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Boundedness of commutators

Theorem (Coifman,Rochberg,Weiss, [CRW])

Let T a CZO and b ∈ BMO then [b,T ] is bounded on Lp

Remark

The operator [b,T ] is not of weak type (1, 1).

We have the following substitute:

Theorem (Pérez [CP1])

Let T a CZO and b ∈ BMO then

|{x ∈ Rn : |[b,T ]f (x)| > λ}| ≤ c

∫
Rn

Φ

(
‖b‖BMO

|f (x)|
λ

)
dx

where Φ(t) = t
(
1 + log+ t

)
.

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Pérez, Rivera-Ŕıos MW Conjecture for commutators



Some preliminaries
Muckenhoupt-Wheeden conjecture

Muckenhoupt-Wheeden conjecture for commutators

Calderón-Zygmund operators
BMO and commutators
Weights
Orlicz maximal functions

Weights

Definition

We say w is a weight if it is a non-negative locally integrable function.

Definition (Ap class)

[w ]Ap = supQ

(
1
|Q|
∫
Q w(x)dx

)(
1
|Q|
∫
Q w(x)1−p′dx

) 1
p−1

<∞ p > 1

Mw(x) ≤ κw(x) a.e. p = 1

We define [w ]A1 = inf{κ > 0 : Mw(x) ≤ κw(x) a.e.}.

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Weights

Properties

If 1 < p <∞, w ∈ Ap if and only if M : Lp(w) −→ Lp(w). Furthermore

‖M‖Lp(w) . [w ]
1

p−1

Ap

If p = 1, w ∈ A1 if and only if M : L1(w) −→ L1,∞(w).

The Ap classes are increasing

p ≤ q ⇒ Ap ⊆ Aq

Definition

A∞ =
⋃

p≥1 Ap

It can be proved that w ∈ A∞ ⇐⇒ [w ]A∞ = supQ
1

w(Q)

∫
Q M(χQw)(x)dx <∞

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Theorem

Let T be a CZO then we have that

If w ∈ Ap for 1 < p <∞ T is bounded on Lp(w) and ‖T‖Lp(w) . [w ]
max

{
1, 1

p−1

}
Ap

If w ∈ A1 T is of weak type (1, 1) and ‖T‖L1(w)→L1,∞(w) . [w ]A1 log(e + [w ]A1)

Theorem (Coifman,Rochberg,Weiss - Pérez [CRW, CP2])

Let T be a CZO and b ∈ BMO. Then

If w ∈ Ap 1 < p <∞, [b,T ] is bounded on Lp(w) and

‖[b,T ]‖Lp(w) ≤ [w ]
2 max

{
1, 1

p−1

}
Ap

If w ∈ A1 then

w ({x ∈ Rn : |[b,T ]f (x)| > λ}) ≤ cw

∫
Rn

Φ

(
‖b‖BMO

|f (x)|
λ

)
w(x)dx

where Φ(t) = t
(
1 + log+ t

)
.



Theorem

Let T be a CZO then we have that

If w ∈ Ap for 1 < p <∞ T is bounded on Lp(w) and ‖T‖Lp(w) . [w ]
max

{
1, 1

p−1

}
Ap

If w ∈ A1 T is of weak type (1, 1) and ‖T‖L1(w)→L1,∞(w) . [w ]A1 log(e + [w ]A1)

Theorem (Coifman,Rochberg,Weiss - Pérez [CRW, CP2])
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Orlicz maximal functions

The Hardy-Littlewood maximal function is defined as

Mf (x) = sup
x∈Q

1

|Q|

∫
Q
|f (x)|dx

where each Q is a cube with its sides parallel to the axis.
If we replace the standard averages for “more general ones” we can define more
maximal operators.

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Orlicz averages

Definition

Let Φ : [0,∞) −→ (0,∞) be a Young function, i.e. a convex, increasing function such
that Φ(0) = 0,

‖f ‖Φ,Q = inf

{
λ > 0 ;

1

|Q|

∫
Q

Φ

(
|f (x)|
λ

)
dx ≤ 1

}
.

Clearly Φ(t) = tp

‖f ‖Φ,Q =

(
1

|Q|

∫
Q
|f (x)|pdx

) 1
p

.

Another basic example is given by the function Ψ(t) = exp(t)− 1. By
John-Nirenberg’s theorem if f ∈ BMO, we have that

‖f ‖exp(L),Q = ‖f ‖Ψ(L),Q ≤ c‖f ‖BMO

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Orlicz averages

Definition

Let Φ : [0,∞) −→ (0,∞) be a Young function, i.e. a convex, increasing function such
that Φ(0) = 0,

‖f ‖Φ,Q = inf

{
λ > 0 ;

1

|Q|

∫
Q

Φ

(
|f (x)|
λ

)
dx ≤ 1

}
.

Clearly Φ(t) = tp

‖f ‖Φ,Q =

(
1

|Q|

∫
Q
|f (x)|pdx

) 1
p

.

Another basic example is given by the function Ψ(t) = exp(t)− 1. By
John-Nirenberg’s theorem if f ∈ BMO, we have that

‖f ‖exp(L),Q = ‖f ‖Ψ(L),Q ≤ c‖f ‖BMO
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We define the maximal operator associated to Φ as

MΦf (x) = sup
x∈Q
‖f ‖Φ,Q .

An important particular case

ML(log L)αf (x) = sup
x∈Q
‖f ‖Φ,Q

where Φ(t) = t(1 + log+ t)α α > 0.
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Theorem

For every k ∈ N we have that ML(log L)k f (x) ' M(k+1)f (x)

Theorem

Let Φ and Ψ Young functions. If there exists c > 0 such that Φ(t) ≤ Ψ(t) t > c
then

MΦf (x) . MΨf (x)

Since t ≤ Ψ(t) = t(1 + log+ t)α ≤ tr r > 1 for every α > 0 we have

Mf (x) . MΨf (x) ≤ crMr f (x).
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The Conjecture

In [FS] Fefferman and Stein established the following endpoint estimate for arbitrary
weights

w ({x ∈ R : Mf (x) > t}) . 1

t

∫
R
|f (x)|Mw(x)dx

Motivated by that result Muckenhoupt and Wheeden posed the following conjecture

Muckenhoupt-Wheeden conjecture

Let w an arbitrary weight then

w ({x ∈ R : |Hf (x)| > t}) . 1

t

∫
R
|f (x)|Mw(x)dx

where H stands for the Hilbert transform.
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The development of the conjecture

First result ’70s

w ({x ∈ R : |Tf (x)| > t}) ≤ cr
t

∫
R
|f (x)|Mrw(x)dx

In 1994 Pérez [CP1] established the following result for Calderón-Zygmund
operators

w ({x ∈ R : |Tf (x)| > t}) ≤ cε
t

∫
R
|f (x)|ML(log L)εw(x)dx ε > 0.

where cε →∞ when ε→ 0.

In 2005 Carro, Pérez, J. Soria and F. Soria [CPSS] disproved the conjecture for
the fractional integral.

In 2011 Reguera [R] disproved the conjecture for dyadic case, and in 2012
Reguera and Thiele [RT] disproved the conjecture for the Hilbert transform

Later on in 2013 A. Criado and F. Soria [CS] disproved the conjecture for the
n-dimensional case.
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Pérez, Rivera-Ŕıos MW Conjecture for commutators



Some preliminaries
Muckenhoupt-Wheeden conjecture

Muckenhoupt-Wheeden conjecture for commutators

Basic Problem
The development of the conjecture

The development of the conjecture

In 2014 Pérez in a joint work with T. Hytönen [HP]

w ({x ∈ R : |Tf (x)| > t}) ≤ cT
ε

∫
R
|f (x)|ML(log L)εw(x)dx ε > 0.

In 2015, Domingo-Salazar, Lacey and Rey [DSLR] established the following result

w ({x ∈ R : |Tf (x)| > t}) ≤ 1

ε

∫
R
|f (x)|ML(log log L)1+εw(x)dx ε > 0.

In 2015 Caldarelli, Lerner and Ombrosi [CLO] proved that

w ({x ∈ R : |Hf (x)| > t}) . 1

t

∫
R
|f (x)|MΦw(x)dx

fails for every Φ(t) such that limt→∞
Φ(t)

t log+(1+log+(t))
= 0
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The development of the conjecture

Open question

The preceding results can be summarized as follows

L log log L

L(log log L)α α>1

L(log L)ε ε>0

Lr r>1L

Open question

Does the weak type inequality

w ({x ∈ R : |Tf (x)| > t}) ≤ c

∫
R
|f (x)|MΦw(x)dx α > 1

hold for Φ(t) = t log+(1 + log+(t))?
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The conjecture

For the commutator the natural conjecture is the following

Muckenhoupt-Wheeden conjecture for the commutator

Let T a Calderón-Zygmund operator, b ∈ BMO and w an arbitrary weight. Then

w ({x ∈ Rn : |[b,T ]f (x)| > t}) .
∫
Rn

Φ

(
‖b‖BMO

|f (x)|
t

)
ML log Lw(x)dx .

This conjecture is still a conjecture. The methods used in the case of
Calderón-Zygmund operators don’t seem to apply for this case.
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Positive results

In 2001 Pérez and Pradolini [PP] obtained the following estimate

w({x∈Rn : |[b,T ]f (x)|>t})≤cε
∫
Rn Φ

(
‖b‖BMO

|f (x)|
t

)
M

L(log L)1+εw(x)dx

for every ε > 0, where cε is a constant that blows up when ε→ 0.

In 2011 Ortiz-Caraballo [OC] obtained the following sharp inequality. For every
r > 1 and every p > 1

w({x∈Rn : |[b,T ]f (x)|>t})≤c(pp′)2p(r ′)2p−1
∫
Rn Φ

(
‖b‖BMO

|f (x)|
t

)
Mrw(x)dx

Summarizing:

L log L L(log L)1+ε ε>0

Lr r>1
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Our contribution

We have obtained a symbol-multilinear quantitative version of the result by Pérez and
Pradolini

Theorem ([PRR])

Let T a Calderón-Zygmund operator, b ∈ BMO and w an arbitrary weight. Then for
every ε > 0

w({x∈Rn : |[b,T ]f (x)|>t})≤ c
ε2

∫
Rn Φ

(
‖b‖BMO

|f (x)|
t

)
M

L(log L)1+εw(x)dx .

Corollary ([OC])

If w ∈ A1

w({x∈Rn : |[b,T ]f (x)|>t})≤cΦ([w ]A1
)2
∫
Rn Φ

(
‖b‖BMO

|f (x)|
t

)
w(x)dx.
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Idea of the proof

We follow the scheme of the proof used by Perez & Pradolini and Ortiz-Caraballo,
based on Calderón-Zygmund decomposition:

We control the good part of the function using a sharp strong type inequality.

We control the bad part of the function using smoothness of the kernel and the
following estimate by Hytönen and Pérez [HP]

w ({x ∈ R : |Tf (x)| > t}) ≤ c

ε

∫
R
|f (x)|ML(log L)εw(x)dx ε > 0.
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Strong type

Theorem

Let T a CZO, b ∈ BMO and w a weight. There exists a constant cT depending on T
and the dimension such that for every 1 < p <∞, δ ∈ (0, 1)

‖[b,T ]f ‖Lp(w) ≤ cT (p′p)2

(
p − 1

δ

) 1
p′

‖b‖BMO‖f ‖Lp(MΦw)

where Φ(t) = t(1 + log+ t)2p−1+δ.
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Sketch of the proof of the strong type inequality

Let us call v = ML(log L)2p−1+δw and κ = cT (p′p)2
(
p−1
δ

) 1
p′

. By duality, it suffices to

show that ∥∥∥∥ [b,T ]t f

v

∥∥∥∥
Lp′ (v)

≤ κ
∥∥∥∥ fw
∥∥∥∥
Lp′ (w)

Calculating norm by duality we have that∥∥∥∥ [b,T ]t f

v

∥∥∥∥
Lp′ (v)

=

∫
Rn

|[b,T ]t f |hdx

for some h ∈ Lp(v)
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We consider the operator S(h) =
M

(
hv

1
p

)
v

1
p

and build the Rubio de Francia algorithm

R(h) =
∞∑
k=0

1

2k
Sk(h)

‖S‖kLp(v)

R satisfies the following properties:

0 ≤ h ≤ R(h)

‖R(h)‖Lp(v) ≤ 2‖h‖Lp(v)

R(h)v
1
p ∈ A1 and furthermore

[
R(h)v

1
p

]
A1

≤ cp′

It’s easy to see that [Rh]A∞ ≤ [Rh]A3 ≤ cnp
′.

Lemma

Let δ ∈ (0, 1) and w ∈ A∞ then∫
Rn |f (x)|w(x)dx∫

Rn Mδf (x)w(x)dx
≤ cn,δ[w ]A∞

∫
Rn

M]
δf (x)w(x)dx
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Now we can continue∥∥∥∥ [b,T ]f

v

∥∥∥∥
Lp′ (v)

=

∫
Rn

|[b,T ]t f |hdx ≤
∫
Rn

|[b,T ]f |Rhdx

≤ cn[Rh]A∞

∫
Rn

M]
δ([b,T ]f )Rhdx

≤ cnp
′
∫
Rn

M]
δ([b,T ]f )Rhdx

Lemma(Álvarez, Pérez [AP, CP2])

For 0 < δ < ε <∞,

M]
δ([b,T ]f )(x) ≤ c‖b‖BMO (Mε(Tf ) + ML log Lf )

and for each δ ∈ (0, 1),

M]
δ(Tf )(x) ≤ cδM(f )

And we have∥∥∥∥ [b,T ]f

v

∥∥∥∥
Lp′ (v)

≤ cnp
′
(∫

Rn

ML log LfRhdx +

∫
Rn

Mε(Tf )Rhdx

)
= cnp

′ (I1 + I2)
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Using Hölder inequality and the properties of R,

I1 =

∫
Rn

ML log Lf (x)Rh(x)dx ≤ 2

∥∥∥∥ML log Lf

v

∥∥∥∥
Lp′ (v)

Using again both lemmas it’s easy to check that

I2 ≤ cnp
′
∥∥∥∥Mf

v

∥∥∥∥
Lp′ (v)

Then ∥∥∥∥ [b,T ]f

v

∥∥∥∥
Lp′ (v)

≤ ‖b‖BMOcn(p′)2

∥∥∥∥Mf

v

∥∥∥∥
Lp′ (v)

And the proof is reduced to establish the following inequality∥∥∥∥ML log Lf

v

∥∥∥∥
Lp′ (v)

≤ cnp
2

(
p − 1

δ

) 1
p′
∥∥∥∥ fw
∥∥∥∥
Lp′ (w)

.
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Since v = ML(log L)2p−1+δw , proving

∥∥∥∥ML(log L)f

v

∥∥∥∥
Lp′ (v)

≤ cnp
2

(
p − 1

δ

) 1
p′
∥∥∥∥ fw
∥∥∥∥
Lp′ (w)

is equivalent to prove∫
ML(log L)

(
fw

1
p

)p′ (
ML(log L)2p−1+δw

)1−p′
≤ cp

′
n p2p′

(
p − 1

δ

)∫
Rn

|f |p′ .

Idea to prove this inequality

Establish the following inequality

ML(log L)

(
fw

1
p

)
(x) ≤ cp2

(
ML(log L)2p−1+δw(x)

) 1
p
MΨ(L)f (x).
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We do that by means of generalized Hölder inequality

Lemma

If Φ0, Φ1 and Φ2 are Young functions such that

Φ−1
1 (x)Φ−1

2 (x) ≤ κΦ−1
0 (x)

then
‖fg‖Φ0,Q ≤ 2κ‖f ‖Φ1,Q‖g‖Φ2,Q

Using a good control of the inverses of the following functions

Aρ(t) = t
(
1 + log+ t

)ρ
Xρ(t) =

t(
1 + log+ t

)ρ .
The factor

(
p−1
δ

) 1
p′

comes from the boundeddness of MΨ(L) on Lp
′

via Bp condition

[HP]

‖MΨ(L)‖Lp′ ≤ cn

(∫ ∞
1

Ψ(t)

tp′
dt

t

) 1
p′

.
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Muckenhoupt-Wheeden conjecture for commutators

The conjecture
Positive results
Our contribution
Some details of the proof

Sketch of the proof of the endpoint estimate

We consider the Calderón-Zygmund decomposition of f . We obtain a family of
pairwise disjoint cubes {Qj}. If Ω =

⋃
j Qj we can write f = g + h as follows

λ < 1
|Qj |
∫
Qj
|f | ≤ 2nλ.

g(x) =

{
f (x) x ∈ Ωc

fQj
x ∈ Qj

, |g(x)| ≤ 2n

h =
∑

j hj where hj = (f − fQj
)χQj

.

We denote Q̃j = 5
√
nQj and Ω̃ =

⋃
j Q̃j . Then

w ({x ∈ R : |[b,T ]f (x)| > λ}) ≤ w

({
x ∈ Rn \ Ω̃ : |[b,T ]g(x)| > λ

2

})
+ w

({
x ∈ Rn \ Ω̃ : |[b,T ]h(x)| > λ

2

})
+ w

(
Ω̃
)

= I + II + III

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Some details of the proof

Control of the good part

By a standard proccedure it’s easy to see that

III ≤ cn

∫
Rn

|f (y)|
λ

Mw(y)dy

To control I we use the strong type. We take

1 +
ε

6
< p < 1 +

ε

4
δ = ε− 2(p − 1).

For that choice of p and δ we have that

(p′)2pp2p

(
p − 1

δ

) p
p′

≤ c
1

ε2
2p − 1 + δ = 1 + ε.

Using the strong type with that choices for p and δ

I ≤ c
1

ε2

∫
Rn

|f (y)|
λ

ML(log L)1+εw(y)dy .

Pérez, Rivera-Ŕıos MW Conjecture for commutators
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Control of the good part

By a standard proccedure it’s easy to see that

III ≤ cn

∫
Rn

|f (y)|
λ

Mw(y)dy

To control I we use the strong type. We take
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Control of the bad part

To control II , firstly we write

[b,T ]h =
∑
j

(b − bQj
)Thj −

∑
j

T
(
(b − bQj

)hj
)

then

II ≤ w

x ∈ Rn \ Ω̃ :

∣∣∣∣∣∣
∑
j

(b(x)− bQj
)Thj(x)

∣∣∣∣∣∣ > λ

4




+ w

x ∈ Rn \ Ω̃ :

∣∣∣∣∣∣
∑
j

T
(
(b − bQj

)hj
)

(x)

∣∣∣∣∣∣ > λ

4




= A + B

The control of A relies on the smoothness of the kernel, and the generalized Hölder
inequality. We obtain that

A ≤ c

∫
Rn

|f (y)|
λ

ML log Lw(y)dy
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Control of the bad part

To control B, using Hytönen-Pérez result

w

x ∈ Rn \ Ω̃ :

∣∣∣∣∣∣
∑
j

T
(
(b − bQj

)hj
)

(x)

∣∣∣∣∣∣ > λ

4




≤ 1

ε

1

λ

∫
Rn

∣∣∣∣∣∣
∑
j

(b(x)− bQj
)hj(x)

∣∣∣∣∣∣ML(log L)ε

(
wχRn\Ω̃

)
(x)dx

Using the properties of the Calderón-Zygmund cubes and the alternative definition of
the Orlicz norm

‖f ‖Φ,Q ' inf
µ>0

{
µ+

µ

|Q|

∫
Q

Φ

(
|f (x)|
µ

)
dx

}
we bound the latter by ∫

Rn

Φ

(
|f (x)|
λ

)
ML(log L)εw(x)dx .
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Work in progress

In a work in progress with Sheldy Ombrosi and Andrei Lerner, it seems we can obtain
the following estimates

w ({x ∈ Rn : |[b,T ]f (x)| > t}) . c

ε

∫
Rn

Φ

(
‖b‖BMO

|f (x)|
t

)
ML(log L)1+εw(x)dx

.
c

ε

∫
Rn

Φ

(
‖b‖BMO

|f (x)|
t

)
ML(log L)(log log L)1+εw(x)dx

Our proof relies on a suitable pointwise control for the commutator and in an
adaptation of the arguments given in [DSLR].
This also leads to an improvement on the dependence on the A1 constant, namely

w ({x ∈ Rn : |[b,T ]f (x)| > t}) ≤ [w ]2A1
log(e+[w ]A1)

∫
Rn

Φ

(
‖b‖BMO

|f (x)|
t

)
w(x)dx
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